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ROUND FOLD MAPS ON MANIFOLDS REGARDED AS THE 
TOTAL SPACES OF LINEAR AND MORE GENERAL BUNDLES 

NAOKI KITAZAWA 


Abstract. ( Stable ) fold maps are fundamental tools in studying a generalized 
theory of the theory of Morse functions on smooth manifolds and its application 
to geometry of the manifolds. It is important to construct explicit fold maps 
systematically to study smooth manifolds by the theory of fold maps easy to 
handle. However, such constructions have been difficult in general. 

Round fold maps are defined as stable fold maps such that the sets 
of all the singular values are concentric spheres and it was first introduced in 
2012-2014. The author studied algebraic and differential topological properties 
of such maps and their manifolds and constructed explicit round fold maps. 

For example, the author succeeded in constructing such maps on manifolds 
regarded as the total spaces of bundles over smooth homotopy spheres by 
noticing that smooth homotopy spheres admit round fold maps whose singular 
sets are connected and more generally, new such maps on manifolds regerded 
as the total space of circle bundles over another manifold admitting a round 
fold map. In this paper, as an advanced work, we construct new explicit round 
fold maps on manifolds regarded as the total spaces of bundles such that the 
fibers are closed smooth manifolds and that the structure groups are linear 
and more general bundles over a manifold admitting a round fold map . 

Singularities of differentiable maps; singular sets, fold maps, and Differential 
topology. 57R45 and 57N15 


1. Introduction 

Fold maps are fundamental tools in studying a generalization of the theory of 
Morse functions and its application to geometry of manifolds. 

A fold map is defined as a smooth map such that each singular point is of the 
form 

m—i m 

(xi, • • •, x m ) i-a (asi, • • •, x„-i, y x k 2 - y x k 2 ) 

k=n k=m-i -\-1 

for two positive integers to > n and an integer ()<i<m — n+1 and a Morse 
function is regarded as a fold map, for example. For a fold map from a closed 
smooth manifold of dimension m into a smooth manifold of dimension n without 
boundary, the following two hold. 

(1) The set of all the singular points (the singular set) is a closed smooth 
submanifold of dimension n — 1 of the source manifold. 

(2) The restriction map to the singular set is an immersion of codimension 1. 

We also note that if the restriction map to the singular set is an immersion with 
normal crossings, then it is stable (stable maps are important in the theory of global 
singularity; see [6] for example). 
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Constructions of explicit fold maps will help us to study smooth manifolds by 
using the theory of fold maps which are easy to handle and it is very difficult to 
construct explicit fold maps in general, although existence problems for fold maps 
have been solved under various conditions. However, such fold maps with good 
properties were constructed as we will introduce the following. 

In [1], [5], [16], [17] and [19], special generic maps, which are fold maps whose 
singular points are of the form 


(xi 

j i %m ) H> {Xi, ■ ■ • , X n -i, ^ x k 2 ) 

k=n 

for two positive integers m > n, were studied. Special generic maps are not so 
difficult to construct. They were constructed by constructing local C°° maps on 
manifolds with boundaries and gluing them together. For example, by such meth¬ 
ods, some special generic maps on homotopy spheres including standard spheres 
are obtained. Furthermore, manifolds admitting special generic maps were classi¬ 
fied under restrictions on the dimensions of source and target manifolds and the 
fundamental groups of source manifolds. 

Later, in [8] and [9] the author introduced round fold maps, which will be 
mainly studied in this paper. A round fold map is defined as a fold map satisfying 
the following three. 

(1) The singular set is a disjoint union of standard spheres. 

(2) The restriction to the singular set is an embedding. 

(3) The set of all the singular values is a disjoint union of spheres embedded 
concentrically. 

For example, some special generic maps on homotopy spheres are round fold 
maps whose singular sets are connected (see Example 1 (1) later and also [16]). 

In [9], homology groups and homotopy groups of manifolds admitting round 
fold maps were studied. Some examples of round fold maps and the diffeomorphism 
types of their source manifolds were given by the author in [8], [10], [11] and [12]. For 
example, we have obtained round fold maps on manifolds admitting bundle struc¬ 
tures over the n-dimensional (n > 2) standard sphere and manifolds represented as 
connected sums of manifolds admitting bundle structures over the n-dimensional 
(n > 2) standard sphere whose fibers are diffemorphic to the (m — n)-dimensional 
standard sphere S m ~ n (m > n). In [11] and [12], as new answers, we have obtained 
new round fold maps on closed manifolds admitting bundle structures over (exotic) 
homotopy spheres or ones over more general manifolds. 

In the last two papers, as a useful tool to construct new round fold maps, 
a P-operation has been introduced. Especially, in these papers, a lot of round 
fold maps from manifolds having bundle structures such that the fibers are circles 
were obtained. In this paper, as a generalized work of [11] and [12], we apply P- 
operations to construct more explicit round fold maps on manifolds having bundle 
structures such that the structure groups are linear and act on the fibers smoothly. 
This paper is organized as the following. 

In section 2, we recall round fold maps and some terminologies on round fold 
maps such as axes and proper cores. We also recall a C°° trivial round fold map. We 
introduce results on the diffeomorphism types of manifolds admitting C°° trivial 
round fold maps shown by the author in [8] and [10]. 
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In section 3, we recall a locally C°° trivial round fold map, which is a round 
fold map satisfying a kind of triviality around the connected components of the set 
of singular values. We recall P-operations defined in [11], which are operations used 
to construct new round fold maps on manifolds having the structures of manifolds 
admitting bundle structures over manifolds admitting locally C°° trivial round fold 
maps. More preisely, a P-operation consists of four steps; we decompose the given 
round fold map, confirm that the restrictions of the bundle over the given manifold 
to the obtained pieces of the source manifold of the round fold map are trivial, 
construct maps on these pieces and glue these maps together. A construction of a 
round fold map by a P-operation requires us that the bundle is not so complex. 

In section 4, as main works of the present paper, we apply P-operations 
to construct new round fold maps on manifolds regarded as the total spaces of 
bundles whose fibers are closed smooth manifolds and whose structure groups are 
linear and act on the fibers smoothly ( linear bundles) and more general bundles 
over manifolds admitting locally C°° trivial round fold maps. These works are 
regarded as extensions of works [10] and [12] by the author. In these works, we 
mainly consider bundles whose fibers are circles and we have obtained a lot of new 
round fold maps and manifolds. In these works, the theory of the classification of 
circle bundles, which is the most fundamental part of the theory of characteristic 
classes of vector bundles discussed in [14]. In the present paper, we consider some 
appropriate situations and obtain new round fold maps and their source manifolds 
through Theorems 1-8 with Examples 2-8. For such general studies, as an essential 
tool, we use more general theory of characteristic classes of linear bundles of [14]. 

Throughout this paper, manifolds and maps between manifolds are smooth 
and of class C°° unless otherwise stated. The base spaces and fibers of bundles in 
this paper are smooth manifolds and the structure groups of the bundles act on the 
fibers smoothly unless otherwise stated. 

Moreover, let M be a closed (smooth) manifold of dimension m, let N be a 
(smooth) manifold of dimension n with no boundary, let / : M — > N be a (smooth) 
map and let m > n > 1. We denote the singular set of /, which is defined as the 
set consisting of all the singular points of /, by S(f). We call the set f(S(f)) the 
singular value set of /. We call an inverse image / _1 (p) £ M a fiber of / and if the 
point p £ N is a regular value of /, then we call it a regular fiber of /. 

2. Round fold maps 

In this section, we review round fold maps. See also [9]. 

2.1. Terminologies on round fold maps. 

Definition 1 (round fold maps ([9])). / : M —4 1" (m > n > 2) is said to be a 
round fold map if / is C°° equivalent to a fold map /o : M 0 -4 K" on a closed C°° 
manifold Mq such that the following three hold. 

(1) The singular set S(fo) is a disjoint union of (n — 1 (-dimensional standard 
spheres and consists of l £ N connected components. 

(2) The restriction map /ols(/ 0 ) is an embedding. 

(3) Let D n r := {(aq, • • • , x n ) £ M n | YJk=i x * 2 ^ r l- Then the set /o(£(/o)) is 
represented as the disjoint union U l k=1 dD n k- 

We call f 0 a normal form of /. We call a ray L from 0 € R n an axis of /o and 
D n i the proper core of / 0 . Suppose that for a round fold map /, its normal form 
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fo and diffeomorphisms $ : M —> Mo and <j> '■ R" —> R", <j> o / = / 0 o <F. Then for 
an axis L of fo, we also call </> _1 (E) an axis of / and for the proper core D n i of fo, 
we also call <fi~ 1 (D n 1 ) a proper core of /. 

Let / : M —> R" be a round fold map,let P be a proper core of / and let L be an 
axis of the map /. Then, / _1 (R" — IntE) has a bundle structure over dP such that 
the fiber is diffeomorphic to the manifold / _1 (E) and that /ly-i(gp) : f~ l {dP ) —> 
dP defines a subbundle of the previous bundle / _1 (R ra — IntP). In this situation, 
we can define a C°° trivial round fold map. 

Definition 2. In this situation, a round fold map / is said to be C°° trivial if we 
can take the bundle / _1 (R" — IntP) as a trivial bundle. 

We introduce some known examples of round fold maps with their source mani¬ 
folds. 

Example 1. (1) Special generic maps from m-dimensional homotopy spheres 

into the Euclidean space of dimension n > 2 (m > n) such that the singular 
sets are spheres and that the singular value sets are embedded spheres are 
round fold maps. They are C°° trivial. The m-dimensional standard sphere 
S rn admits such a round fold map into R n . In section 5 of [16], such a fold 
map from m-dimensional (2 < m < 4, m > 5) homotopy sphere into R 2 is 
constructed. 

(2) Let F 0 be a closed manifold. Let M be a closed manifold of dimension 
m regarded as the total space of an P-bundle over S n (m > n > 2). In 
[8], in the case where F is the standard sphere S m ~ n , a round fold map 
/ : M —> R ra such that the following four hold has been constructed and it 
has been shown that any manifold admitting such a map is regarded as the 
total space of an 5 m_ "-bundle over S n . 

(a) / is C°° trivial. 

(b) The singular set S(f) has two connected components. 

(c) For an axis L of /, f~ x {L) is diffeomorphic to the cylinder Fx [—1,1] = 

(d) Two connected components of the fiber of a point in a proper core of 
/ is regarded as fibers of the E-bundle over S n . 

In [11], a round fold map / : M —> R" satisfying all the conditions but the 
second condition just before has been constructed and it has been shown 
that any manifold admitting such a map is regarded as the total space of 
an E-bundle over S n . 

(3) A special generic map / from an m-dimensional closed manifold M into R" 
such that the following two hold appears in [16], for example. 

(a) The restriction map f\s(f) i s an embedding. 

(b) S(f) is a disjoint union of two copies of the (n — l)-dimensional stan¬ 
dard sphere. 

For example, the product of S'" -1 and an (m — n+l)-dimensional homotopy 
sphere admits such a map which is also C°° trivial. 

3. Locally C°° trivial round fold maps and P-operations 

We recall locally C°° trivial round fold maps and P-operations. See also [10] and 

[ 12 ]- 
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Definition 3. Let / : M —> R" be a round fold map. Assume that for any 
connected component C of f(S(f)) and a small closed tubular neighborhood N(C) 
of C such that dN(C) is the disjoint union of two connected components C\ and 
C 2 , f~ 1 (N(C)) has the structure of a trivial bundle over C\ or C 2 and f\f-i(a) ■ 
/ _1 (C 1 ) —> Ci and /|/-i(c 2 ) ■ / _ 1 (C 2 ) —> C 2 give the structures of subbundles of 
the bundle f~ 1 (N(C)). Then / is said to be locally C°° trivial. We call the fiber 
Fc of the bundle f~ 1 (N(C)) the normal fiber of C corresponding to the bundle 
f~ 1 (N(C)). Assume that C\ is in the bounded connected component of R” — C 2 
and we denote the fiber of the subbundle / _1 (C 1 ) by d 0 Fq. 

Maps in Example 1 (1) are locally C°° trivial. Ones in Example 1 (2) are 
constructed as locally C°° trivial maps in [ 8 ] and [11]. We can construct maps on 
the product of the (n — l)-dimensional standard sphere and a homotopy sphere 
explained in the last part of Example 1 (3) as locally C°° trivial maps. 

We can construct a locally C°° trivial round fold map in the following method. 
We use the method in the proof of Proposition 2 and other scenes of the present 
paper. 

Let /' g N. Let {Ej }*- =1 be a family of compact manifold of dimension m — n+ 1 
such that the boudary of Ej is a disjoint union of two closed manifolds Fj and Fj + 1 , 
that Fp _|_i is empty and that except To and Fp + 1 , all the manifolds in the family 
{Ej} are non-empty. There exist a positive integer l and a sequence of integers 
{kj} l j =1 of integers such that k\ = 1 and kp = l hold and that the inequality 
kj < kj+i holds for any integer 1 < j <V — 1. We can construct a Morse function 
fj : Ej —> [kj — kj + 1 — 5 ] satisfying the following three. 

(1) For any integer 1 < j < l', On Fj, fj is constant and minimal if Fj is 
non-emppty and on F i+ 1 ) fj is constant and maximal if Fj + 1 is non-empty. 

(2) The minimum of fj is kj — ^ if Fj is non-empty. If Fj is empty, then by 
the assumption, j — 1 holds and in this case, the minimum of fi is 1. The 
maximum of fj is fcj+i — ^ if j ^ V holds and an integer l larger than kp if 
j = V holds, respectively. The image /j(Int£j) of the interior IntEj of Ej 
is the open interval (kj — kj +1 — |). 

(3) Singular points of fj are always in the interior IntEj of Ej and at distinct 

singular points, the values are always distinct. Furthermore, the set of all 
the singular values consists of all the integers larger than kj — \ and smaller 
than kj + \ — holds and all the integers larger than kj — \ and not 

larger than l if j = l' holds. 

We obtain a family of maps {fj x idgn-i : Ej x S 1 "^ 1 —\ [kj — \,kj + 1 — |] x 

s^Yjil 

If F\ is non-empty, then by gluing the family of maps and the projection 
p : D n 1 xT A D n 1 together properly, we obtain a desired round fold map; 
for a non-negative real number t , we regard {f} x S n ~ 1 as dD n t by identifying 
(t, x) € {t} x S '” -1 with (Aa:) £ D n t . If Fi is empty, then by gluing the family 

{fj x idgn-i : Ej x S '" -1 -A- [kj — \,kj + \ — |] x <S' n- 1 }jT 1 1 of maps, we obtain a 
desired round fold map similarly. 

We call such a construction a locally trivial spinning construction. 

The following proposition has been shown in [ 8 ] and also in [11], 
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Proposition 1 ([ 8 ]). Let m,n € N, n > 2 and m > 2 n. Any manifold represented 
as a connected sum of l £ N closed manifolds regarded as the total spaces of S m ~ n - 
bundles over S n admits a locally C°° trivial round fold map f into R™ such that 
the following four hold. 

(1) All the regular fibers of f are disjoint unions of finite copies of S m ~ n . 

(2) The number of connected components of S(f) and the number of connected 
components of the fiber of a point in a proper core of f are l + 1 . 

(3) For any connected component C of f(S(f)) and a small closed tubular 
neighborhood N(C) of C, f^ 1 (N(C)) is regarded as the total space of a 
trivial bundle over C as in Definition 3 such that a normal fiber Fq of C 
corresponding to the bundle f~ 1 (N(C)) is diffeomorphic to a disjoint union 
of a finite number of the following two manifolds. 

(a) D m - n+1 . 

(b) S m ~ n+1 with the interior of a union of disjoint three (m — n + 1)- 
dimensional standard closed discs removed. 

(4) All the connected components of the fiber of a point in a proper core of f are 
regarded as fibers of the S m ~ n -bundles over S n and a fiber of any S m ~ n - 
bundle over S n appeared in the connected sum is regarded as a connected 
component of the fiber of a point in a proper core of f. 

Proposition 2 ([10]). Let M be a closed manifold of dimension m and f : M —»• R™ 
be a locally C°° trivial round fold map. Let F ^ 0 be a closed manifold and M' be 
a closed manifold regarded as the total space of an F-manifold over M such that 
for any connected component C of f(S(f)) and a small closed tubular neighborhood 
N(C) of C, the restriction to f^ 1 {N{C)) is a trivial bundle. Then on the manifold 
M' , there exists a locally C°° trivial round fold map f : M' —> R™. 

We introduce the proof of this first performed in [10]. In the proof of this 
proposition, we use the notation D n r := {(a?i, • • • ,x n ) G R" | J2k=i x k 2 — r } 
appearing in Definition 1. 

Proof of Proposition 2. We only prove the proposition in the case where / is locally 
C°° trivial, since we can similarly prove this in the case where / is C°° trivial. We 
assume that f(M) is diffeomorphic to D n and we can prove the theorem similarly 
if f{M) is not diffeomorphic to D n . 

We may assume that / : M —> R™ is a normal form. Let S(f) consist 
of l connected components. Set Pq := D n i and Pk := D n k+ i — IntD n fc _i for 
an integer 1 < k < l. Then f~ 1 (Pk) is regarded as the total space of a trivial 
bundle over dD n k _ i or dD n k+ 1 such that the fibers are diffeomorphic to a compact 
manifold, which we denote by Ek and that the submersions flf-i/gjjn 1 \ and 

f\f~ 1 (dD n i) ma ke the submanifolds subbundles of the bundle f~ 1 (Pk ); we denote 

the fibers of these two subbundles by E j , 1 C Ek and Ek 2 C Ek, respectively. For 
any integer 1 < k < l and a diffeomorphism <j>k from f~ 1 (dD n k _ i) C f~ 1 {Pk) onto 
f~ 1 (dD n k _ i) C f~ 1 (Pk- i) regarded as a bundle isomorphism between the two 
trivial bundles over standard spheres inducing the identification between the base 
spaces, M is regarded as (• • • ({f~ 1 (D n ^))\J cj>i f- 1 (P 1 )) ■ ■ ■ )U and for any 

integer 1 < k < l and a diffeomorphism from f~ 1 (dD n k _i ) x F C / _1 (Pfc) x 
F onto f~ 1 (dD n k _ i) x F C / - 1 (Pfc„i) x F regarded as a bundle isomorphism 
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between the two trivial F-bundles inducing </>&, M' is regarded as (•••((/ 1 (D n 1 ) x 

i? )U<*. 1 (/ _ 1 ( p i) x F ))' • OLM/ -1 ^) x F )- We construct a map on / _ 1 (P fc ) x F. 
This manifold is regarded as the total space of a trivial bundle over dD n k _ 1 or 
dD n k+ 1 such that the fibers are diffeomorphic to E k x F. On F*, x F there exists 
a Morse function /*, such that the following four hold. 

(1) fk(E k x F) C [k - ±, fc + i] and / fc (Int(F fc x F)) C (fc — fc + i) hold. 

(2) fkiEk 1 x F) = {fc — i} holds if FjA x F is non-empty. 

(3) fk{Ek 2 xF) = {fc + |} holds if E k 2 x F is non-empty. 

(4) Singular points of fj~ are in the interior of E k x F and at two distinct 
singular points, the values are always distinct. 

We obtain a map idgn-i x f k : S'" -1 x E k x F —» S '™ -1 x [A; — + ^]. We 

can identify S ’" -1 x [fc — \,k + \] with Pk = D n k+ i — IntP" fc _i by identifying 
( p, t) £ S '” -1 x [fc — k + |] with tp £ F fc where we regard S ' 11 ” 1 as the unit sphere 
of dimension n — 1. By gluing the composition of the projection from f~ 1 (D n i) x F 

onto / _ 1 (F> n i) and f\ f -i (Dni ) ■ f~ 1 (D n i) -)• D"i and the family {id S n-i x f k } 

together by using the family {<!>/,.} and the family of identifications in the target 
manifold we obtain a new round fold map f : M' —>• R". □ 

In the proof, from a given map / : M —> R", we obtain a new map f : M' —>• R". 
We call the operation of constructing /' from / a P- operation by F to the map f. 
For example, if / is a map presented in Example 1 (1), then on any manifold having 
the bundle structure over the source homotopy sphere, we can construct a (locally) 
C°° trivial round fold map by a P-operation to the map /. 

4. Constructions of round fold maps on manifolds regarded as 

LINEAR BUNDLES BY P-OPERATIONS 

In this paper, we denote the k-th orthogonal group by 0{k) and the k-th special 
orthogonal group by SO(k). In this paper, a bundle is said to be linear if the 
structure group is a subgroup of an orthogonal group. A linear bundle is said to be 
orientable if the structure group is reduced to a subgroup of a special orthogonal 
group and we obtain two oriented linear bundles naturally. 

We recall known fundamental terms and facts on linear bundles. 

For any linear bundle, we can consider its k-th Stiefel-Whitney class, which is 
a k-th cohomology class of the base space whose coefficient ring is Z/2Z. For any 
oriented linear bundle whose structure group is SO(k), we can consider its Euler 
class, which is a fc-th cohomology class of the base space whose coefficient ring is 
Z. We introduce known facts on classifications of linear bundles without proofs. 

Proposition 3. Let X be a topological space regarded as a CW-complex. 

(1) The 1st Stief el-Whitney class a £ H 1 (X; Z/2Z) of a linear bundle over X 
vanishes if and only if the bundle is orientable. 

(2) For any a £ Ff 2 (X;Z), there exists an oriented linear bundle whose struc¬ 
ture group is SO(2) whose Euler class is a and the 2nd Stief el-Whitney 
class a £ H 2 (X; Z/2Z) of this bundle is the value of the canonical homo¬ 
morphism from Z onto Z/2Z, which sends the integer k to k( mod 2). 

(3) Two oriented linear bundles whose structure groups are SO( 2) over X are 
equivalent if and only if the Euler classes are same. Especially, an oriented 
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linear bundle whose structure group is SO( 2) over X is trivial if and only 
if its Euler class vanishes. 

(4) Let k = 0,1, 2,3 and let X be simple homotopy equivalent to a k-dimensional 
CW-complex. Let l be an integer larger than 2. Then, a linear bundle over 
X such that the structure group is SO(l) and that the 2nd Stiefel-Whitney 
class vanishes is a trivial linear bundle. 

In this section, we define a spin bundle as an orientable linear bundle such that 
the 2nd Stiefel-Whitney class vanishes as in Proposition 3 (4). 

fc-dimensional real (complex) vector bundles are regarded as linear bundles whose 
structure groups are the groups of all the linear transformations on the fibers. In this 
paper, we only consider real vector bundles. We also note that the structure groups 
of fc-dimensional real vector bundles are regarded as the groups of all the orthgonal 
transformations on the fc-dimensional vector spaces and naturally as 0(k). 

Any <5 -bundle whose structure group consists of linear transformations on the 
fiber S k is regarded as a linear bundle whose structure group is the group of all 
the transformations given by the restrictions of orthgonal transformations on R fc+1 
considering S k as the unit sphere and as a result 0(fc+l). It is naturally a subbundle 
of an associated real vector bundle whose fiber is a (fc + l)-dimensional real vector 
space. We call such a linear bundle a standard linear bundle. For fc = 1,2,3, any 
S^-bundle is regarded as a standard linear bundle whose structure group is 0(fc + l) 
(see [20] for the case fc = 2 and [7] for the case fc = 3). 

First, we review some topological properties of the total spaces of such bundles. 
For a fc-dimensional manifold X , let us denote by TX the total space of the tangent 
bundle of X, which is an important fc-dimensional real vector bundle over X and 
for fc > 2, let us denote the total space of the unit tangent bundle of X by UTX , 
which is obtained as the subbundle of the bundle TX whose fiber is the unit sphere 
Cl 1 . A manifold is said to be spin if its tangent bundle is spin. 

Also, the following Proposition 4 is useful. 

Proposition 4. (1) Let i > 1 be an integer. For any topological space E re¬ 

garded as the total space of a standard linear S 1 -bundle over a topological 
space X regarded as a CW complex. Let n be a surjection giving E the 
bundle structure over X. Let Wi+i £ fcF + 1 (AT; Z/2Z) be the {i + 1 )-th 
Stiefel-Whitney class of the bundle E and (J be the operation of taking 
a cup product with Wi+ 1 . Then, we have the following exact sequence (the 
Gysin sequence of the bundle n : E —»• X). 


-— > Hi(E; Z/2Z) -» W~ i {X-Z/2Z) -^±4 W +1 (X;Z/2Z) 

-—> Hi +1 {E; Z/2Z) -» fcP- i+1 (X; Z/2Z) — <+ - > 

We also have the following exact sequence in the case where the bundle 
E is oriented. We denote the Euler class by e £ H t+1 (X ; Z) and (J e be the 
operation of taking a cup product with e. 


——> Hi{E- Z) -fP'-*( X-Z) Ue - > Hi +1 {X-,Z) 

——> W +1 (E-,Z) - HJ~ i+1 {X;Z) Ue - > 
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(2) Let X\ and Xi be closed manifolds and set X := X\ x X 2 . Then the tangent 
bundle TX over X is regarded as the Whitney sum of the pull-back of the 
tangent bundle TX\ over X\ by the canonical projection of X 1 x X 2 onto 
X\ and the pull-back of the tangent bundle TX 2 over X 2 by the canonical 
projection of X\ x X 2 onto X 2 . 

(3) Let X be a closed manifold and let X' be a manifold regarded as the to¬ 
tal space of a standard linear bundle whose fiber is diffeomorphic to the 
standard sphere of dimension k > 1. 

(a) Let X be orientable. If the bundle X' is (not) orientable, then the 
tangent bundle TX 1 of X' is (resp. not) orientable. 

(b) Let k > 2 and let the manifold X be spin. If the bundle X' is spin 
(not spin), then the tangent bundle TX' is spin (not spin). 

For the theory of linear bundles and their characteristic classes including Stiefel- 
Whitney classes and Euler classes, see also [14] for example. 

In [12], we have constructed a lot of explicit round fold maps on manifolds 
regarded as the total spaces of 5' 1 -bundles over a manifold admitting a locally 
C°° trivial round fold map by using P-operations. In this section, we apply P- 
operations to locally C°° trivial round fold maps to construct new round fold maps 
on manifolds regarded as the total spaces of linear bundles and more general bundles 
over the original source manifolds. 

4.1. Cases for round fold maps between low-dimensional manifolds. First 
we show the following theorem, which gives more round fold maps and their source 
manifolds. 

Theorem 1. Let M be a closed manifold of dimension 2 < m < 4, f : M — > R" 
(m>n> 2) be a locally C°° trivial round fold map. Let M' be a manifold regarded 
as the total space of a linear bundle whose fiber is a closed manifold F ^ 0. Then 
we have the following. 

(1) Let n = 4. Then by a P-operation by F to f, we can obtain a locally C°° 
trivial round fold map from M' into R" = R 4 . 

(2) Let (m, n) = (4, 3) and let M be connected. We assume that for a connected 
component Co of the singular value set f(S(f)) and a small closed tubular 
neighborhood N(Cq) as in Definition 3, the 2nd Stiefel-Whitney class of 
the restriction of the bundle M' above to the image of a section of the 
trivial doFc 0 -bundle vanishes and that for any connected component C of 
the singidar value set f(S(f)) and a small closed tubular neighborhood N(C) 
as in Definition 3, the restriction of the bundle M' above to the normal fiber 
Fc of C corresponding to the bundle f^ 1 (N(C)) is orientable. Then by a 
P-operation by F to the map f, we can obtain a locally C°° trivial round 
fold map from M' into R n . 

(3) Let ( m,n) = (4,2). We assume that for any connected component C of 
the singular value set f(S(f)) and a small closed tubular neighborhood 
N(C), the restriction of the bundle M' to f^ 1 (N(C)) is spin. Then by 
a P-operation by F to the map f, we can obtain a locally C°° trivial round 
fold map from M' into R n . 

(4) Let (m, n) = (3, 3) and let M be connected. We assume that for a connected 
component C of the singular value set f(S(f)) and a small closed tubular 
neighborhood N ( C) as in Definition 3, the 2nd Stief el- Whitney class of the 
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restriction of the bundle M' to the image of a section of the trivial doFc 0 - 
bundle vanishes. Then by a P-operation by F to the map /, we can obtain 
a locally C°° trivial round fold map from M' into 1". 

(5) Let ( m,n ) = (3,2). We assume that for any connected component C of 
the singular value set f(S(f)) and a small closed tubular neighborhood 
N(C), the restriction of the bundle M' to f^ 1 (N(C)) is spin. Then by 
a P-operation by F to the map f, we can obtain a locally C°° trivial round 
fold map from M' into R™. 

(6) Let (to, n) = (2, 2) and let M be connected. We assume that for a connected 
component Co of the singular value set f(S(f)) and a small closed tubular 
neighborhood N(Co) as in Definition 3, the restriction of the bundle M' to 
the image of a section of the trivial doFc 0 -bundle is orientable. Then by a 
P-operation by F to the map f, we can obtain a locally C°° trivial round 
fold map from M' into R™. 

Proof. By virtue of Proposition 2, to prove the statements, it suffices to show that 
for any connected component C of the singular value set f(S(f)) and a small closed 
tubular neighborhood N(C) as in Definition 3, the restriction of the bundle M' over 
M to f~ 1 (N(C)) is trivial. Note that f~ 1 (N(C)) is regarded as a trivial bundle 
whose fiber is Fc as menitioned in Definition 3. Note also that Fc is regarded as an 
( m — n + l)-dimensional CW-complex simple homotopy equivalent to an (?n — n)- 
dimensional CW-complex and that f~ 1 (N(C)) is regarded as an m-dimenisonal 
CW-complex simple homotopy equivalent to the product of S n ~ 1 and the (to — Tri¬ 
dimensional CW-complex before. 

We prove the first case, n = 4 or ( m,n ) = (4,4) is assumed. In this case, 
f^ 1 (N(C)) is a compact 4-dimensional manifold diffeomorphic to the product of S 3 
and the closed interval and regarded as a CW-complex simple homotopy equivalent 
to S 3 . We have H 1 (f~ 1 (N(C))- 1 Z/2Z) 3* ff 2 (/- 1 (7V(C'));Z) S {0} and from 
Proposition 3 (4), the restriction of the bundle M' over M to f~ 1 (N(C)) is trivial. 

We prove the second case, (to, n) = (4,3) is assumed. Thus, / _1 (fV(C')) is a 
compact 4-dimensional manifold and regarded as a CW-complex simple homotopy 
equivalent to a 3-dinrensional CW-complex and as the product of the 2-dinrensional 
sphere S 2 and the compact surface Fq with non-empty boundary. It is assumed 
that for a connected component Co of the singular value set f(S(f)) and a small 
closed tubular neighborhood N(Co), the 2nd Stiefel-Whitney class of the restriction 
of the bundle above to f~ 1 (N(Co)) vanishes and M is connected. Moreover, it is 
assumed that for any connected component C of the singular value set f(S(f)) 
and a small closed tubular neighborhood N(C) as in Definition 3, the restriction 
of the bundle M' above to the normal fiber Fc of C corresponding to the bundle 
f~ 1 (N(C)) is orientable. We have H 1 (f~ 1 (N(C)); Z/2Z) = H 1 (Fc;Z/ 2Z) and 
H 2 (f~ 1 (N(C)y,Z/2Z) £* H 2 (C; Z/2Z) © H 2 (F C ; Z/2Z) ^ H 2 (C; Z/2Z) £* Z/2Z 
for any connected component C of the singular value set f{S(f)). By these facts, 
for any connected component C of the singular value set f(S(f)) and a small closed 
tubular neighborhood N(C), the 2nd Stiefel-Whitney class of the restriction of the 
bundle M' to / _1 (IV(C)) vanishes. From Proposition 3 (4), the restriction of the 
bundle M' over M to f~ 1 (N(C)) is spin and trivial. 

We prove the third and fifth cases. In each case, the result follows from the 
assumption that for any connected component C of the singular value set f(S(f)) 
and a small closed tubular neighborhood N(C) as in Definition 3, the restriction of 
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the bundle M' to f~ 1 (N(C)), which is regarded as a CW-complex simple homotopy 
equivalent to a CW-complex of dimension 2 or 3, is a spin bundle together with 
Proposition 3 (4). 

We can prove the fourth and sixth cases by applying methods similar to that of 
the second case. So we omit the proof. □ 

By considering specific cases of some cases of Theorem 1, as a corollary, we have 
the following. 

Corollary 1. Let M be a closed manifold of dimension 2 < m < 4, / : M —> R™ 
(m > n > 2) be a locally C°° trivial round fold map. Let M' be a manifold regarded 
as the total space of a linear bundle whose fiber is a closed manifold F ^ 0. Then 
we have the following. 

(1) Let ( m,n ) = (3, 2), (4, 2), (4,3). If the bundle above is a spin bundle, then 
by a P-operation by F to the map f, we have a locally C°° trivial round 
fold map from M' into R™. 

(2) Let (m,n) — (3,3). If the 2nd Stiefel-Whitney class of the bundle above 
vanishes, then by a P-operation by F to the map /, we have a locally C°° 
trivial round fold map from M' into R n . 

(3) Let ( m,n ) = (2,2). If the bundle above is an orientable bundle, then by 
a P-operation by F to the map f, we have a locally C°° trivial round fold 
map from M' into R™. 

Example 2. (1) In the situation of the former part of Example 1 (2), let 

(m, n) = (4, 2) and the given map / be C°° trivial and locally C°° trivial 
or in the situation of Proposition 1, let (m, n) = (4, 2) and 1 = 1 . 

The source manifold M in the example is S 2 x S 2 or a manifold regarded 
as the total space of a non-trivial S' 2 -bundle over S 2 , which is not spin. For 
both cases, we have H 2 (M; Z) = Z 2 . Let M = S 2 x S 2 , which is naturally 
regarded as the total space of a trivial S' 2 -bundle over S 2 and let a,/3 £ 
H 2 (M ; Z) = Z 2 be generaters represented by the base space and the fiber of 
the trivial bundle, respectively. Let a,b £ Z and consider the Whitney sum 
of two real (oriented) vector bundles of dimension 2 whose Euler classes 
are aa and 2 b/3, respectively. We immediately have the subbundle whose 
fiber is the unit sphere S 3 (we denote the total space by M') and the 
Euler class of the bundle is 2 ab times a generator of the cohomology group 
iJ 4 (Af;Z) = Z and by Proposition 4 (1), we have H 4 (M'; Z) = Z/|2a&|Z. 
More precisely, we determine this cohomology group by using the following 
Gysin sequence where |J e is the operation of taking a cup product with the 
Euler class e £ H 4 {M\T) of the standard linear bundle M' and we often 
use similar methods in this paper. 


- > H 3 {M'- Z) -» H°(M; Z) = Z ff 4 (M; Z) ^ Z 

-Z) -» H 4 (M; Z)^{0} Ue - > 

If a is even, then it is a spin bundle and if a is odd, then it is not a spin 
bundle. If the bundle is spin, then on the total space M' of the S' 3 -bundle 
over M = S 2 x S 2 , we can construct a round fold map by applying Theorem 
1 or Corollary 1 (1) and the resulting source manifold is spin (we can apply 
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both Theorem 1 and Corollary 1 (1)). Even if the bundle is not spin, then on 
the total space M' of the S' 3 -bundle over M = S 2 x S 2 , we can construct 
a round fold map by applying Theorem 1 (we cannot apply Corollary 1 

(1)) and the resulting source manifold is not spin. More generally, let 
«i) 0 , 2 , bi, b 2 G Z and consider the Whitney sum of two (oriented) real vector 
bundles of dimension 2 whose Euler classes are a\a + 2b\j3 and a 2 a + 26 2 /3, 
respectively. We immediately have the subbundle whose fiber is the unit 
sphere S 3 (we denote the total space by M'), the Euler class of the bundle 
is 2a\b 2 + 2a 2 b\ times a generator of the cohomology group H 4 (M ; Z) = Z 
and we have iJ 4 (M';Z) = Z/|2ai & 2 + 2a 2 6i|Z by applying Proposition 4 
(1). Moreover, we can construct a round fold map from M' into R” by 
applying Theorem 1 or Corollary 1 (1). 

Furthermore, let M be the total space of a non-trivial S l2 -bundle over 

5 2 in this situation, or more generally, in the situation of Proposition 1, let 
(to, n) = (4, 2). By applying Theorem 1, we can obtain explicit locally C°° 
trivial round fold maps similarly. For the latter case, see also Example 6 
( 1 ) later. 

(2) In the situation of Example 1 (3), let (to, n) = (4,3). The source manifold 
M := S 2 x S' 2 of dimenison to = 4 admits a C°° trivial and locally C°° 
trivial round fold map into R" = R 3 . We define cc, /? G H 2 {M\ Z) = Z 2 as 
in the example just before. Let a\,a 2 ,b\,b 2 G Z and let the sum a\ + a 2 be 
even. Consider the Whitney sum of two (oriented) real vector bundles of 
dimension 2 whose Euler classes are a\a + b\ft and a 2 a + b 2 /3, respectively. 
Similarly, we immediately have the subbundle whose fiber is the unit sphere 

5 3 (we denote the total space by M'), the Euler class of the bundle is 
ai & 2 + a 2 bi times a generator of the cohomology group H 4 {M\ Z) = Z 
and we have H 4 (M r ; Z) = Z/|ai & 2 + a 2 bi\Z by applying Proposition 4 (1). 
Moreover, we can construct a round fold map from M' into R” by applying 
Theorem 1 or Corollary 1 (1). 

4.2. Cases for round fold maps such that regular fibers are disjoint unions 
of spheres. In the previous subsection, we obtained new round fold maps by ap¬ 
plying P-operations to some locally C°° trivial round fold maps from m-dimensional 
round fold maps into R” under the constraint that 4 > to > n > 2 holds. As specific 
cases, we applied P-operations to locally C°° trivial round fold maps in the former 
part of Example 1 (2) and (3) and Proposition 1. Here, for general pairs (to, n) of 
dimensions, we apply P-operations to round fold maps satisfying these conditions. 

Theorem 2. Let m,n € N. Let to > n > 2 hold. Let an m-dimensional connected 
closed manifold M admit a locally C°° trivial round fold map into R™ satisfying the 
following conditions as mentioned in Proposition 1. 

(1) All the regular fibers of f are disjoint unions of finite copies of S m ~ n . 

(2) The number of connected components of S(f) and the number of connected 
components of the fiber of a point in a proper core of f coincide. 

(3) For any connected component C of f(S(f)) and a small closed tubular 
neighborhood N(C) of C, f^ 1 (N(C)) is regarded as the total space of a 
trivial bundle over C as in Definition 3 such that a normal fiber Fq of 
C corresponding to the bundle f~ 1 (N(C)) is homeomorphic to a disjoint 
union of a finite number of the following manifolds. 

(a) D m ~ n+1 . 
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(b) S m ~ n+1 with the interior of a union of disjoint three (to — n + 1)- 
dimensional standard closed discs removed. 

Thus, on any manifold M' regarded as the total space of a bundle over M 
such that the restriction to any connected component of the fiber of a point 
in a proper core of f is trivial, by a P-operation, we have a round fold map 
into R". 

Proof. We consider a normal form /o : M —> R" of the map f. If we restrict the 
bundle M' over M to the inverse image f~ 1 (D n 1 ) of the proper core D n 1 , then it 
is trivial by the assumption on M'. 

For any connected component C of the singular value set f(S(f)), we denote a 
small closed tubular neighborhood as in Definition 3 by N ( C ) and the normal fiber 
corresponding to the trivial bundle f~ 1 {N(C)) explained in Definition 3 by Fcj■ In 
the definition, the subbundle of the bundle f~ 1 (N(C )) whose fiber is doF q C Fc 
is defined and we assume that the restriction of the bundle M' over M to the total 
space of this subbundle is trivial. Then, by the assumed conditions, the restriction 
of the bundle to f~ 1 (N(C)) is also trivial. More precisely, we have this fact as the 
following. 

By the third condition, the fiber of any connected component of the bundle 
f^ 1 (N(C)) is r> m ~ n+1 or S m ~ n+1 with the interior of a union of disjoint three (to— 
n + 1 (-dimensional standard closed discs removed. By considering the intersection 
of the fiber of each connected component of the bundle f~ 1 (N(C)) and the fiber Fc 
of the bundle f~ 1 (N(C)), we obtain a subbundle of each connected component of 
the bundle f~ 1 (N(C)). By the second condition, the fiber of the resulting bundle 
is homeomorphic to the sphere S m ~ n if the fiber of the connected component of 
f~ 1 (N(C)) is homeomorphic to £) m_n+1 and the fiber of the resulting bundle 
is homeomorphic to the disjoint union of two copies of the sphere S m ~ n if the 
fiber of the connected component of f~ 1 (N(C)) is homeomorphic to S m ~ n+1 with 
the interior of a union of disjoint three (m — n + 1 (-dimensional standard closed 
discs removed. By considering the homotopy types of the fibers of the connected 
components of the trivial bundle f~ 1 (N(C)), we have the desired fact. 

By the induction, if we restrict the bundle M' over M to f~ 1 (N(C)) for any 
connected component C of the singular value set f(S(f)), then it is trivial. Thus 
we have the statement. 

□ 

Example 3. Let to and n be integers satisfying the relation to > n > 2. Let M 
be a manifold regarded as the total space of a trivial S' m_ ™-bundle over S n and let 
/ : M —>■ R" be a locally C°° trivial round fold map presented in Example 1 (2). 

(1) We consider the Whitney sum of the pull-back of a trivial fci-dimensional 
real vector bundle over S m ~ n by the canonical projection of the product 
M = S m ~ n x S n onto S m ~ n and the pull-back of a & 2 -dimensional real 
vector bundle over S n by the canonical projection of the product M = 
cjm—n x gn 0n ^ 0 gn _ ^et M' be the total space of the subbundle of the 
real vector bundle whose fiber is the (fci + ki — 1 (-dimensional unit sphere. 
Then, the bundle M' is trivial over the fiber of a point in a proper core of 
/. We can apply Theorem 2 to obtain a round fold map from M' into R". 

In this situation, let n = 2 hold. In addition, let &2 = 2 hold. For 
any integer k , we can take the mentioned 2 -dinrensional (oriented) real 
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vector bundle over S n = S 2 as a bundle whose Euler class is k times a 
generator of the group H 2 (S 2 ; Z) = Z. Furthermore, if k is even (odd), 
then the resulting bundle M' is spin (resp. not spin) and the manifold 
M' is spin (resp. not spin). Let > 2 hold. We consider the mentioned 
^ 2 -dimensional real vector bundle over S n = S 2 . Thus, if the mentioned k%- 
dimensional real vector bundle is spin (not spin), then the resulting bundle 
M' is spin (resp. not spin) and the manifold M' is spin (resp. not spin). 

(2) We consider the Whitney sum of the pull-back of the tangent bundle over 
S m ~ n by the canonical projection of the product M = S m ~ n x S n onto 
S m ~ n and the pull-back of a A-dinrensional real vector bundle over S n by 
the canonical projection of the product M = S m ~ n x S n onto S n . Let M' 
be the total space of the subbundle of the real vetor bundle whose fiber is 
the ( m — n + k — l)-dimensional unit sphere. Then, the bundle M' is trivial 
over the fiber of a point in a proper core of /. We can apply Thorem 2 to 
obtain a round fold map from M' into K™. 

In this situation, let in and n be even and let k = n. Then, for a 
generator a of the cohomology group H m (M ; Z) = Z, we can construct the 
(oriented) bundles M' over M whose Euler classes are 0 and 4a. In fact, 
we can take the mentioned (oriented) ?r-dimensional real vector bundle over 
S n as a trivial bundle and also as a tangent bundle over S n . Especially, if 
n = 2 holds, then for any integer l, we can construct the bundles M' over 
M whose Euler class is 2 la. In fact, we can take the mentioned oriented 
2-dinrensional real vector bundle over S n = S 2 as a bundle whose Euler 
class is l times a generator of the group H 2 (S 2 ; Z) = Z. 

(3) Let to > 4 and let n = m — 2 > 2 in this situation. We consider the Whitney 

sum of the pull-back of a fci-dimensional vector bundle over S 2 which is spin 
by the canonical projection of the product M = S m ~ n x S n = S m ~ 2 x S 2 
onto S m ~ n = S m ~ 2 and the pull-back of a /^-dimensional real vector bundle 
over S m ~ 2 by the canonical projection of the product M = S 2 x S m ~ 2 onto 
S m ~ 2 . Let M' be the total space of the subbundle of the real vector bundle 
whose fiber is the (fci + — l)-dimensional unit sphere. Then, the bundle 

M' is trivial over the fiber of a point in a proper core of /. We can apply 
Theorem 2 to obtain a round fold map from M' into K™. 

As a specific case, let n = to — 2 = 4 or m = 6 and let k\ = 2 and 

= to — 2 = 6 — 2 = 4. For any integer k , we can take a fci-dimensional 
(oriented) real vector bundle whose Euler class is k times a generator of 
the cohomology group H 2 {S 2 -, Z) = Z of the base space S 2 . For any integer 
k , we can take a /^-dimensional (oriented) real vector bundle whose Euler 
class is k times a generator of the cohomology group Z) = 

H 4 (S 4 ; Z) = Z of the base space S m ~ 2 = S 4 . We consider the Whitney 
sum of the pull-backs defined before. The resulting real vector bundle is 
of dimension k\ + = 2 + 4 = 6 and for any integer At, we can obtain 

this vector bundle so that the Euler class is 2k times a generator of the 
cohomology group H m (M ; Z) ^ H m (S 2 x S m ~ 2 ; Z) £* Z. It follows that 
for any integer k, we can obtain the total space M' of the subbundle of the 
real vector bundle whose fiber is the 5-dinrensional unit sphere satisfying 
Z) = Z/|2fc|Z. 



ROUND FOLD MAPS ON LINEAR AND GENERAL BUNDLES 


15 


Theorem 3. Let m,n £ N. Let m > n > 2 hold. Let an m-dimensional connected 
closed manifold M admit a locally C°° trivial round fold map f into R n which is 
special generic and whose image is diffeomorphic to the cylinder S'" -1 x [—1,1] 
as presented in Example 1 (3). Thus, on any manifold M' regarded as the total 
space of a bundle over M such that for any (n — 1)-dimensional standard sphere C' 
embedded in the interior of the image f(M), the restriction to the image of a section 
of the trivial bundle given by /|i(c? 7 ) • f 1 ^') C ' trivial, by a P-operation 
to the original map f, we have a round fold map into R". 

Proof. Let C be a connected component of the singular value set f(S(f)) and 
we take a small closed tubular neighborhood N(C) as presented in Definition 
3. The obtained bundle / -1 ( N(C)) is a trivial bundle and the normal fiber Fq 
corresponding to the bundle f~ 1 (N(C)) is the (m — n + l)-dimensional standard 
closed disc F> m ~ n+1 . By the extra assumption on the bundle M' over M that for 
any (n — l)-dimensional standard sphere C' embedded in the interior of the im¬ 
age /(M), the restriction to the image of a section of the trivial bundle given by 
/l/-i(C') ■ /~ 1 (C / ) ~i > C is trivial, the fact that the previous trivial bundle is a 
subbundle of the bundle f~ 1 (N(C)) and the fact that the fiber of the trivial bundle 
f~ 1 (N(C)) is diffeomorphic to the disc F) m ~ n+1 and contractible, if we restrict the 
bundle M' to f~ 1 (N(C)), then it is trivial. This completes the proof. □ 

Example 4. Let m and n be integers satisfying the relation m > n > 2 as assumed 
in Example 3. Let E be an (m — n + l)-dimensional homotopy sphere and let 
M = Ex S n ~ 1 . We consider a round fold map / : M —> R" presented in Example 
1 (3) or in the assumption of Theorem 3. 

(1) We consider the Whitney sum of the pull-back of a k\ -dimensional real 
vector bundle over E by the canonical projection of the product M = 
E x S'” -1 onto E and the pull-back of a trivial ^-dimensional real vector 
bundle over S'" -1 by the canonical projection of the product M = Ex S n ~ 1 
onto S'” -1 . Let M' be the total space of the subbundle of the real vector 
bundle whose fiber is the (k\ + &2 — l)-dimensional unit sphere. Then, the 
bundle M' is trivial over the image of the section of the bundle / -1 (C") in 
Theorem 3 and we can apply Theorem 3. 

(2) We consider the Whitney sum of the pull-back of the tangent bundle of 
S" -1 by the canonical projection of the product M = Ex S n_1 onto S™ -1 
and the pull-back of a fc-dimensional real vector bundle over E by the 
canonical projection of the product M = Ex S™ -1 onto E. Let M' be the 
total space of the subbundle of the real vector bundle whose fiber is the 
(n + k — l)-dimensional unit sphere. Then, the bundle M' is trivial over 
the image of the section of the bundle / -1 (C") in Theorem 3 and we can 
apply Theorem 3. 

In this situation, let m and n — 1 be even. Then, for a generator a of 
the homology group Z) = Z, we can construct the bundles M' over 

M whose Euler classes are 0 and 4a. In fact, we can take the mentioned 
/c-dimensional (oriented) real vector bundle over E as a trivial bundle of 
dimension k = m — n + 1 and also as a tangent bundle of E, which is of 
dimension k = m — n+1. Especially, if m — (n — 1) = 2 or m — n = 1 holds, 
then for any integer l , we can construct the bundle M' over M whose Euler 
class is 2 la. In fact, we can take the mentioned /c-dimensional (oriented) 
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real vector bundle over S 2 as a real vector bundle of dimension k = 2 whose 
Euler class is l times a generator of the group H 2 (S 2 -, Z) = Z. In addition, 
if l is odd (even), then the bundle M' is spin (resp. not spin) and the 
manifold M' is spin (resp. not spin). 

(3) Let n = 3. We consider the Whitney sum of the pull-back of a k\- 
dimensional vector bundle over S n ~ 1 = S 2 which is spin by the canonical 
projection of the product M = S m ~ 2 x S 2 onto S 2 and the pull-back of a 
^-dimensional real vector bundle over S m ~ 2 by the canonical projection 
of the product M = S m ~ 2 x S 2 onto S m ~ 2 . Let M' be the total space of 
the subbundle of the real vector bundle whose fiber is the (k± + &2 — 1 )- 
dimensional unit sphere. Then, the bundle M' is trivial over the image of 
the section of the bundle / _ 1 (C' / ) in Theorem 3 and we can apply Theorem 
3. 

4.3. Cases for round fold maps into the plane. In [12], we have obtained a 
lot of round fold maps by P-operations by the circle S 1 to a locally C°° trivial 
round fold map into the plane. In this paper, we construct such maps on manifolds 
regarded as the total spaces of (more general) linear bundles by P-operations. 

We introduce a class of round fold maps first introduced in [9]. 

Definition 4. Let / : M —> R n be a round fold map, and let I? be a commutative 
group. 

Let P be a proper core of /. Then, / _1 (R ra — IntP) has a bundle structure 
mentioned just before Definition 2. / is said to be homologically R-trivial if for a 
bundle / _1 (R n — IntP), the following diagram commutes for the canonical projec¬ 
tion p : dP x / - 1 (P) —> dP, the projection of the bundle n : / -1 (R” — IntP) — > dP 
and two isomorphisms of homology groups $ and <j> for any integer j. 

R) - $ - > Hj(dP x /~ 1 (L); R) 



Hj(dP; R) ———> Hj(dP;R) 

We have the following. 

Theorem 4. Let M be a closed manifold of dimension m > 2 and let f : M M 2 
be a locally C°° trivial and homologically h-trivial round fold map such that for any 
connected component C of the singular value set f(S(f)), a small closed tubular 
neighborhood N(C ) and Fc as in Definition 3, H 1 (Fc’ 1 Z) = H 2 (Fc’,1L) = {0} 
holds. Thus, we have a family of manifolds {M K } K eff i(/- i (L);Z/ 2 Z)©ff 2 (/- 1 (i);Z/ 2 Z) 
regarded as the total spaces of linear bundles over M and a family of round fold 
maps {fx ■ Mk —t ^ n }KGH 1 (f- 1 (L)-,Z/27.)eH 2 (f- 1 (L)-,Z/27.)- 
Furthermore, we have the following three statements. 

(1) We have the linear bundles Mk as standard linear bundles whose fibers are 
the standard sphere S k of dimension k > 1 and we can construct the maps 
fx so that they are homologically Z-trivial. 

(2) Let the manifold / _ 1 (P) be spin and for a proper core P of f, the manifold 
/ - 1 (R" — IntP) be not spin. In this case, f is not C°° trivial. If the linear 
bundles Mx are standard linear bundles whose fibers are diffeomorphic to 
the standard sphere S k of dimension k > 1, then for an element K £ 
Pi(/^ 1 (P); Z/2Z) © H 2 (f~ 1 (L); Z/2Z), the map fx is not C°° trivial. 
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(3) Let the manifolds f 1 {L) and f 1 (R" — IntP) be spin. In this case, we 
can construct the map f k so that it is not C°° trivial for any element K = 
(c, 0) e H 1 {f- 1 {L)-Z/2Z)®H 2 {f~ 1 {L)-Z/2Z) where c£ H^f-^L); Z/2Z) 
is not zero. 

Proof. From the assumption that H 1 (Fc',1L) = H 2 (Fc;Z) = {0} holds, we have 
H 2 {f~ 1 {N(C)) x Fq ; Z) = {0}. Here, we consider the situation of Definition 4 and 
abuse notation there. Let fco £ Hi(dP;R) = Z be a generator of the group, For 
K £ Hi(f~ 1 (L)- Z/2Z), let us regard the tensor product ko £g> K as an element of 
H 2 (dP x f~ l {L)]R) by considering the natural identification and we denote the 
2nd homology class ^\k 0 <g> K ) € H 2 (f~ 1 (M n - IntP);Z/2Z) by K'. 

By applying Proposition 3 (2), we can obtain a manifold Mk regarded as the 
total space of a linear bundle whose structure group is 50(2) such that the 2nd 
Stiefel-Whitney class is the dual of K' £ H 2 (f~ 1 (W l — IntP); Z/2Z) and construct 
the desired round fold map }'k ■ Mk —» R". By constructing the manifold Mk 
as the total space of a standard linear bundle whose fiber is diffeomorphic to S k 
satisfying k > 1 , we easily have the first statement of the latter three statements 
too. The former part of the second statement of the latter three statements is clear. 
In the situation of this statement, there exist a class K and the corresponding 
manifold Mk regarded as the total space of a linear bundle whose structure group 
is 50(2) such that the 2nd Stiefel-Whitney class of the bundle is the dual of K' £ 
H 2 (f~ 1 (M n — IntP);Z/2Z) and that this 2nd Stifel-Whitney class and that of the 
tangent bundle of the manifold / _ 1 (R" — IntP) do not coincide (set K = 0 for 
example). Thus, we have a round fold map f k '■ Mk —> R" which is not C°° 
trivial since the total space of the bundle obtained by the restriction of the bundle 
Mk to / _ 1 (R” — IntP) is not spin by Proposition 4 (3). Last, in the situation 
of the last statement of the three statements, the resulting manifold Mk is not 
spin, for an proper core Pk of the resulting round fold map fK , the inverse image 
/~ 1 (R" — IntPft;) is not spin, and for an axis Lk of the resulting map fx ■ Mk —> 
R", the inverse image /fc _ 1 (LAr) is spin. Thus, we obtain the last statement of the 
latter three. □ 

Example 5. (1) In the situation of the explanation of a locally trivial spinning 

construction introduced after Definition 3, let n = 2 and V = 3. Moreover, 
let Ei and E 2 be a manifold homeomorplric to the standard sphere of 
dimension k > 4 with the interior of disjoint three smoothly embedded k- 
dinrensional standard closed discs removed; moreover, let F 2 be the disjoint 
union of two copies of a (k— l)-dimensional homotopy sphere and let Pi and 
P 3 be a (A: — l)-dimensional homotopy sphere and let P 3 be a fc-dimensional 
standard closed disc. By performing the construction, we have a round fold 
map satisfying the assumption of Theorem 4. 

(2) In the situation of Example 1 or Theorem 3, let m = n = 2. Then M is the 
torus 5 1 x 5 1 . We may apply Theorem 3 or 4 to obtain a round fold map 
from a manifold M' regarded as the total space of a standard linear bundle 
over the torus M whose fiber is diffeomorphic to the standard sphere of 
dimension k > 3; especially, we can take the linear bundle and the manifold 
M' that are not spin. Furthermore, we can obtain a resulting round fold 
map satisfying the assumption of the previous exmaple by a P-operation. 
This resulting map satisfies the assumption of Theorem 4 (2). 
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4.4. Other cases. First, by applying Proposition 4 (2), we easily have the following 
proposition. 

Proposition 5. Let X\ and X 2 be topological spaces and let 7Tj : X\ x X 2 —> Xi 
be the canonical projection (i = 1,2). Let Bi be regarded as the total space of a real 
vector bundle over Xi. Assume also that the following two hold. 

(1) The vector bundle B\ over X\ is trivial. 

(2) The Whitney sum of the vector bundle B 2 over X 2 and a trivial real vector 
bundle over X 2 of dimension not larger than that of the vector bundle B\ 
is a trivial vector bundle over X 2 - 

Then, the Whitney sum of the vector bundle over X\ x X 2 defined as the pull-back 
of the bundle Bi by the projection tti and the bundle defined as the pull-back of the 
bundle B 2 by the projection n 2 is a trivial vector bundle over X\ x X 2 ■ 

By virtue of Propositions 2 and 5, we immediately have the following. 

Proposition 6. Let M be a closed manifold of dimension m > 2, let f : M —»• R n 
(to > n > 2) be a locally C°° trivial round fold map. Let M' be a manifold regarded 
as the total space of a standard linear bundle over M such that the following two 
hold. 

(1) For any connected component C of the singular value set f(S(f)) and a 
small closed tubular neighborhood N(C) as in Definition 3, the restriction 
of the bundle M' to f~ 1 (N(C)), which is regarded as the total space of a 
trivial bundle over C, is equivalent to the Whitney sum of the following two 
real vector bundles E\ and E 2 , where Fc is the normal fiber corresponding 
to the trivial bundle f~ 1 (N(C)). 

(a) The pull-back E\ of a real vector bundle over C by the projection of 
the trivial bundle f~ 1 (N(C)) over C. 

(b) The pull-back E 2 of a real vector bundle over Fc by the canonical 
projection of f^ 1 (N(C)), regarded as C x Fc, onto Fq. 

(2) One of the previous two bundles E\ (E 2 ) is trivial and the Whitney sum of 
the other bundle E 2 (resp. Ei) and a trivial real vector bundle of dimension 
not larger than that of the trivial real vector bundle Ei (resp. E 2 ) is trivial. 

Then, by a P-operation to the map f, we can construct a locally C°° trivial round 
fold map 

We have the following theorem. 

Theorem 5. Let m,n £ N and m > n > 2. Let M be a closed manifold of 
dimension in and let f : M —> R n be a locally C°° trivial round fold map. Let 
M' be a manifold regarded as the total space of a standard linear bundle over 
M such that for any connected component C of the singular value set f(S(f)) 
and a small closed tubular neighborhood N(C), the restriction of the bundle M' 
over M to f~ 1 (N(C)) as in Definition 3 is equivalent to the unit tangent bundle 
UTf~ l (N(C)) of f- 1 (N(C)). Assume that either of the following two holds. 

(1) n = 2,4,8 and the Whitney sum of the tangent bundle of the normal fiber 
Fc corresponding to the bundle f^ 1 (N(C)) and a trivial real vector bundle 
of dimension n — 1 is trivial. 

(2) The tangent bundle of the normal fiber Fc corresponding to the bundle 
f~ 1 (N(C)) is trivial. In other word, Fc is parallelizable. 
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Then, by a P-operation by S m 1 to the map f, we can obtain a locally C°° trivial 
round fold map f : M' —»• R”. 

Proof. For any positive integer k, the tangent bundle TS k of the sphere S k is stably 
parallelizable, or the Whitney sum of the bundle TS k and a trivial real vector 
bundle of dimension 1 over S k is trivial. Moreover, for k = 1,3,7, the tangent 
bundle is trivial. By virtue of Proposition 6, in the situation of this theorem, the 
tangent bundle T f~ 1 (N(C)) and the unit tangent bundle UT f~ 1 (N(C)) is trivial. 
From Proposition 2, we have a round fold map f : M' —> R™ by applying a P- 
operation. □ 

Example 6. (1) We can apply Theorem 5 to the map / : M —> R" in Propo¬ 

sition 1 to construct a round fold map on the total space UTM of the unit 
tangent bundle of M. In the situation of Proposition 1, let the integers 
m and n be even. In this situation, the Euler class of the tangent bundle 
TM and the unit tangent bundle UTM of M is 4 1 times a generator of the 
cohomology group H m (M ; Z) = Z and we have H m (UTM ; Z) = Z/4IZ. In 
the case where (in, n) = (4, 2) is assumed, we can obtain such maps also by 
applying Theorem 1. See also Example 2 (1). 

(2) Let m, n £ N and let n > 2. Let M be a closed manifold of dimension m 
admitting a locally C°° trivial round fold map / : M —> R n . Assume that 
one of the following three holds. 

(a) m = n, n + 1. 

(b) in = n + 2 and for any connected component C and a small closed 
tubular neighborhood N(C) as in Definition 3, the tangent bundle 
of the normal fiber Fc corresponding to the bundle f~ 1 (N(C)) is 
orientable. 

(c) m = n + 3 and for any connected component C and a small closed 
tubular neighborhood N(C) as in Definition 3, the tangent bundle of 
the normal fiber Fc corresponding to the bundle f~ 1 (N(C)) is spin. 

In this case, for any connected component C and a small closed tubular 
neighborhood N(C) as in Definition 3, the tangent bundle of the normal 
fiber Fc corresponding to the bundle f~ 1 (N(C)) is always trivial. We can 
apply Theorem 5 to the map / : M —> R™ to construct a round fold map 
on the total space UTM of the unit tangent bundle of M. 

We also have the following. 

Theorem 6. Let M be a closed manifold of dimension 2 < to < 4, let f : M —> R" 
(in > n > 2) be a locally C°° trivial round fold map. Let M' be a manifold regarded 
as the total space of the subbundle of a normal bundle obtained by considering 
an immersion of the manifold M into an Euclidean space of codimension k > 2 
whose fiber is the unit sphere of dimension fc — 1. Assume that for any connected 
component C and a small closed tubular neighborhood N(C) as in Definition 3, the 
normal fiber Fc corresponding to the bundle f~ 1 (N(C)) is orientable. Then, on 
the manifold M', by a P-operation to the original map f, we can obtain a round 
fold map into R". 

Proof. As discussed in Example 6 (2), the tangent bundle of the normal fiber Fc 
corresponding to the bundle f~ 1 (N(C)) is always trivial and the tangent bundle 
Tf^ 1 (N(C)) of the manifold f^ 1 (N(C)) is also trivial by virtue of Proposition 6. 
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From this fact, the restriction of the bundle M' over M to f~ 1 (N(C)) is orientable 
and spin. By Proposition 3 (4), the obtained bundle over is trivial. We 

can apply Proposition 2 and this completes the proof. □ 

Last, we prove two theorems. Before that, we define a trivial embedding of a 
standard sphere into a manifold as an embedding of the sphere into the interior 
of the latter manifold which is smoothly isotopic to an unknot in the interior of a 
standadrd closed disc embedded in the interior of the manifold. 

Theorem 7. Let m,n £ N satisfying m > n > 2. Let M be a closed connected 
manifold of dimension m and let f : M K™ be a locally C°° trivial round fold 
map. Let P be a proper core of f and we define a compact manifold M of dimension 
m as the union o// _1 (K" — IntP) and some connected components of the manifold 
/~ 1 (P). Assume also that f(M) is diffeomorphic to D n ; in other words, f{M) must 
be diffeomorphic to D n and M must include at least one connected component of 

r\p)- 

Let M' be a manifold regarded as the total space of a bundle over M whose fiber 
is a closed connected manifold F 0 such that the restriction of the bundle to 
the previous manifold M is a trivial bundle. Assume also that (the embedding of) 
the inverse image f~ 1 (df(M)) of the boundary df(M) is a trivial embedding into 
M. Then by a P-operation by F to the map f, we can obtain a round fold map 
f : M' —> R" such that (the embedding of) the inverse image f (df'(M')) of the 
boundary df(M') is a trivial embedding into M’. 

Proof. From Proposition 2 and the assumption that the restriction of the bundle 
M to M D / -1 (R" — IntP) is trivial, we can construct a locally C°° trivial round 
fold map f : M' -A M” by a P-operation by F to the map /. To show that we 
can construct such a map satisfying the additional property, we study the structure 
of obtained map by noticing the definition of a P-operation or the construction 
demonstrated in the proof of Proposition 2. We abuse notation and terminologies 
in the proof of Proposition 2. 

We may regard the given map / as a normal form. By the definition of a P- 
operation and the mentioned bundle structure of the restriction of the bundle M’ 
over M to M, in the proof of Proposition 2, we can choose the bundle isomorphism 
(fc 7 ^ 1) as the product of the identification map (fk from f~ 1 (dD n k _i ) C 
f~ 1 {Pk) onto f~ 1 (dD n k _ i) C / -1 (Pfc_i) and the identity map id^- We can choose 
the bundle isomorphism so that its restriction to the restriction of the bundle 
M' over M to (df~ 1 (D n i)) f) IntM C df~ 1 {D n i) C f~ l {P\) is the product of 
the identification map between the resulting base spaces and the identity map 
id^- Moreover, (the embedding of) the inverse image f~ 1 (df(M)) of the boundary 
df(M ) into M is assumed to be trivial. By virtue of these facts, we can construct 
the map f so that (the embedding of) the inverse image f~ (df'(M)) of the 
boundary df'(M') into M x F is smoothly isotopic to the restriction of the section 
of the trivial bundle M x F over M to f~ 1 (df(M)) C M. The image of this 
restriction map is regarded as f~ 1 (df(M)) x {p} C M x F where p is a point 
in F. Hence, (the embedding of) the inverse image f~ (df'(M)) of the boundary 
df'(M') into M x F is a trivial embedding into the total space M x F of a resulting 
trivial bundle and M’. This completes the proof. □ 
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Example 7. Maps in Proposition 1 satisfy the assumption of Theorem 7. In [10, 
EXAMPLE 2], by P-operations by S 1 to a map / in Proposition 1 the author 
obtained a lot of round fold maps and source manifolds under the assumption that 
n = 2 and m — n > 3 hold (see also [10, THEOREM 4]). By virtue of Theorem 
7, by such a P-operation by S 1 to the map /, we can obtain a round fold map 
f : M' —> R" such that (the embedding of) the inverse image f'~ 1 (df'(M')) of the 
boundary df'(M') is a trivial embedding into M'. More generally, if M' is regarded 
as the total space of a bundle whose structure group is 50(2), we can perform the 
construction similarly. 

On the other hand, we also have the following theorem. 

Theorem 8. Let m,n G N satisfying m > n > 2. Let M be a closed connected 
manifold of dimension m and let f : M R" be a locally C°° trivial round fold 
map. Let Cq be the connected component of the boundary df(M) of the image f{M) 
bounding the unbounded connected component of the set R ra — Int/(M) and assume 
also that (the embedding of) the inverse image f~ 1 (Co) of the component Cq into 
M is not null-homotopic. 

Furthermore, let F ^ 0 be a connected manifold such that the group TT n -i(F) 
is zero and let M’ be a manifold regarded as the total space of an F-bundle such 
that for any connected component C of the singular value set f(S(f)) and a small 
closed tubular neighborhood N(C ) as in Definition 3, the restriction of the bundle 
to the space f~ 1 {N{C)) is trivial and that the homomorphism from Tt n - 2 (F) into 
TT n - 2 (M') induced by the natural inclusion i is injective. 

Then by a P-operation by F to the map f, we can obtain a round fold map 
f : M’ —> R". Furthermore, for the connected component Cq of the boundary 
df'(M') of the image f(M') bounding the unbounded connected component of the 
set R" — Int f'(M') such that ( the embedding of) the inverse image f {Cq) of the 
component Cq' into M' is also null-homotopic. 

Proof. We have the following homotopy exact sequence 

-7T„_i(F) = {0} -7T„_i(A/') -7T n -i(M) 

-> 7r n _ 2 (F) -^-4 n n ~ 2 {M’) -> 

Since the last homomorphism is assumed to be injective, The homomorphism 
7 r ra _i(Af';Z) into 7 r n _i(AL) is an isomorphism. 

From this, we immediately have the result. 

□ 

Example 8. We review the construction of the map presented in the former part 
of Example 1 (2) done in [ 8 ] and [11] in the case where the source manifold Af 
is a manifold regarded as the total space of an 5 1 -bundle over 5 2 which is not 
homeomorphic to 5 3 . In these proofs, essentially, P-operations are used. 

More precisely, in the proof of Proposition 2, set l = 1 or consider a P-operation 
to a map presented in Example 1 (1) from S 2 into the plane. In the last step, 
we need to take the diffeomorphism <f>i used in the proof appropriately. is 
regarded as a bundle isomorphism between two trivial 5 1 U 5 1 -bundles over 5 1 . 
By considering the structure of the 5 1 -bundle over 5 2 and well-known facts on the 
diffeomorphism group of 5 1 x 5 1 , we can construct a round fold map / : M —>• R 2 
so that the inverse image f^ 1 {df{M)) of the boundary df{M) of the image /(Af) 
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is smoothly isotopic to the fiber of a point in a proper core of / and that the fiber 
of the point is also regarded as a fiber of the S'■‘-bundle M over S 2 . 

As a result, we have a round fold map / : M —> R 2 satisfying the assumption 
of Theorem 8. Furthermore, for example, set F = S k for k > 2, we can construct 
a desired round fold map into the plane on any manifold M' regarded as the total 
space of an linear A-bundle over M which is orientable. 
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